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0. Introduction 
We discuss two methods of constructive enumeration of packings. Their 
common feature is that they both use certain systems of linear equations and 
inequalities whose integer solutions are interpreted as packings. The paper also 
describes results obtained by applying these methods. 
Denote by Z+ the set of nonnegative integers. Put Z(n) = (1, 2, . . . , n}. 
1. Main definitions and the formulation of the problem 
Let E be a finite set, IEj = v, and let )c, I, k be integers, 1 <I < k < v. A 
collection 93 of k-subsets (k-blocks) of E is called a (Iz, 1, k, v)-packing [l, 31 if 
every I-subset of E is contained in at most rZ blocks of 93. The number of 
nonisomorphic (A, 1, k, v)-packings consisting of t blocks is denoted by 
N,(& 1, k, v). When 3L = 1, we have a packing of index one. 
Denote by P,(A, I, k, v) the set of all (A, 1, k, v)-packings consisting of t blocks, 
by @)3, I, k, v) the set of representatives of isomorphism classes in P,(A, 1, k, v), 
one representative from each class. Clearly, N,(A, 1, k, v) = (pt(A, 1, k, v)l. 
A (A, 1, k, v)-packing consisting of m blocks is maximum if there exists no 
(A, 1, k, v)-packing consisting of m + 1 blocks. In such a case, we define 
D(& I, k, v) = m. 
We are interested in the following: (1) values of o(n, 1, k, v), (2) values of 
NO, 1, k, v), and (3) construction of the lists p1(3L, 1, k, v). 
It was shown in [3] that 
D(l,I, k,v)+[g[. ..[ 
and 
[: [VII ifvf5 (mod6) 
D(1, 2, 3, v) = 
Wll- 1 ifv=5 (mod6) 
where [x] denotes the greatest integer not exceeding X. 
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In [S] (see also [12]) the following formula was obtained: 
O(& 2,3, v) = [; [VI] - E 
where 
&= 
1 ifv=A+l=2 (mod3)andIZ(v-l)=O (mod2) 
0 otherwise. 
A (A, 1, k, v)-packing .?B = {Br, . . . , B,} is called maximal if for every B, B E E, 
ISI = k, the collection {B, B,, . . . , B,} is not a (A, 1, k, v)-packing. In particu- 
lar, maximum packings are all maximal. Define N,,(Iz, 1, k, v) = N,(A, I, k, v) 
where D = D(& I, k, v). 
The table below contains information taken from [12]. 
V 4567 8 9 
I N&2, 2, 3, v) 1 1 1 4 22 36 
In what follows we describe a method of constructing and analyzing (1, I, k, v)- 
packings, as well as the results obtained by applying this method. These are 
summarized in the following table: 
t 1 2 3 4 5 6 7 8 9 10 11 12 
(, 395, 11) 1 1 3 7 15 29 32 15 3 1 1 1 0 
2. Adding a block 
Consider a (1, 1, k, v)-packing W = {B,, . . . , B,}. Define an equivalence - 
on E as follows: x -y (x, y E E) if and only if for every block Bi, i E Z(m), either 
{x, y} E Bi, or both x 4 Bi, y 4 Bi. This equivalence is called imeparabiIity, and its 
classes are components of inseparability. 
For example, it is easily seen that the (1,3,5,11)-packing 
12345 12678 34679 
induces inseparability of elements with components X1 = { 1, 2}, X, = (3, 4}, 
X, = {5}, X,= {6,7}, X, = {8}, X, = {9}, X, = (10, ll}. 
For convenience, let X,, always denote that (possibly empty) component of 
inseparability whose elements are not used in the packing. 
Further, let a (1, I, k, v)-packing 3 induce on E the inseparability of elements 
with components Xi, X,, . . . , X,, and let a new block, B, contain exactly 1 
tj = t(Xj) elements Of Xj, j E Z(n). 
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Necessary and sufficient conditions for the collection 9 = {B, Bi, . . . , B,} to 
be a (1, 1, k, v)-packing are 
i t(Xj) = k 
j=l 
(2.1) 
C t(Xj) < 1 for all i E Z(m). (2.2) 
(j:j<n,X,cEi) 
In what follows we assume E = Z(v). 
A solution (t$‘), t$“, . . . , ti’)) of the system (2.1), (2.2) for which fy’ E Z+ for 
all i E Z(n), will be called a Z+-solution. To every Z+-solution (tP, . . . , tr)) of 
(2.1), (2.2) g assi n a k-block Bo, B. G E, containing exactly fy’ elements of Xj for all 
i E Z(n), and moreover, these elements are the smallest in the linear order on E. 
It is easy to see that a packing {B, B,, . . . , B,} constructed without this order 
condition is isomorphic to the packing {B,, B1, . . . , B,}. The latter will be 
called canonical. 
Clearly, the system (2.1), (2.2) will have no Z+-solution if and only if the initial 
packing ‘8 is maximal. 
Consider the set pm(l, 1, k, v). For every packing in pm(l, I, k, v), let us write 
down the system (2.1), (2.2), find all its Z-solutions, and construct, for every 
Z-solution, the canonical packing. As a result we obtain a list of packings of size 
m + 1 in which clearly every isomorphism class of Z’,+l(l, 1, k, v) is represented 
by at least one representative. Thus if we perform isomorph rejection and delete 
from this list all duplicates, we obtain the set p,+,(l, I, k, v). 
Starting with the trivially obtained list pl(l, 1, k, v), we can construct recur- 
sively all lists pm(l, 1, k, v) for every m E (D), D = D(1, 1, k, v). 
The advantage of this method is in that elimination of all packings correspond- 
ing to the Z+-solution of the system (2.1), (2.2), except for the canonical one, 
makes it possible to obtain lists that are not too extensive, especially during initial 
stages, i.e. for small m. In subsequent stages, when the initial packing contains 
many blocks, the same effect is achieved due to “tightness”. We believe that 
these circumstances justify calling our construction method economical. 
Note that the system (2.1), (2.2) does not take into account at all the fact that 
BI, . . . > B, are k-blocks. Therefore out method 
packings, when the block size is allowed to vary. 
is applicable to more general 
3. Description of invariants 
Below we describe invariants which are used to distinguish and identify 
packings. 
The element repetition (ER) count in the packing !?4 = {B,, . . . , B,} is the 
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vector 
ER(B) = (PO, ~1, . . -1 
where pi is the number of elements in E which belong to exactly i blocks of 93. 
Evidently, C pi = V. 
The II-index of a block Bj in the packing 53 is the vector 
WBi) = (40. 41, . . .) 
where qn is the number of elements in Bj belonging to exactly (Y blocks of 93. 17is 
a local characteristic of a block, invariant under any isomorphism of packings. 
Clearly, C qa = k. 
The element repetition count by blocks (ERB) in 53 is given by the table 
ERB(93) = ::“-, 
where n,(u E Z(v)) is the number of those blocks B in W for which II(B) = 
(q&Y q1u’, . . .). Evidently, C n, = m. 
The index of intersections of a block B in 93 is the vector 
II(B) = (no, xl, . . .) 
where nS is the number of blocks in 9 which have exactly s common elements 
with B. The table of block intersections in 93 is of the form 
TI(%l) = El 
where h, denotes the number of blocks B in 92 for which II(B) = (ng’, nl”, . . .). 
It follows from the definition that C h, = m. 
It is easy to see that ER, ERB and TI are isomorphism invariants not only of 
packings but of arbitrary block collections. 
The triple block intersection count (TBI) of a packing 93 is the vector 
TBI(B) = (go, g,, . . .I 
where gj is the number of those triples of blocks in 93 which have exactly i 
common elements. By analogy we may define quadruple, quintuple etc. block 
intersection counts. 
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For example, the (1,3,5,11)-packing 
12345 12678 34679 136AB 279AB 
has ER = (0,2,4,5,0,0,0), 
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(3-l) 
00230 2 
ERB_O0320 1 
01040 1’ 
TBI = (5,5,0). 
01130 1 
The described invariants are used mainly to distinguish nonisomorphic pack- 
ings. But the information obtained in the process of their construction, namely 
the correspondences “blocks - II-indices” and “blocks - indices of intersections” 
are used to construct some invariants for identification of isomorphic packings. 
For identification we use Venn-like diagrams or their collections. For example, 
the packing (3.1) yields a diagram presented in Fig. 1. Represent the two blocks 
with II-index (0, 0,2,3,0) in the form of a Greek letter A, then “hang on them” 
the block with II-index (0, 1, 1,3,0). Elements of the block with 17= 
(0, 1, 0, 4, 0) are circled, the elements of the last block are printed in bold type. 
The values of the invariants ER, ERB and TI for the (1,3,5,11)-packing 
12345 12678 34679 136AB 478AB (3.2) 
coincide with the respective values for the packing (3.1). Are these two packings 
isomorphic? 
Let us construct for the packing (3.2) a diagram (Fig. 2) similar to Fig. 1. It is 
easy to see that there exist only two permutations on I(ll), namely ~yi = 
(13)(24)(89) and a2 = (13)(24)(89)(AB) which superimpose Fig. 1 on Fig. 2. A 
direct verification shows that they both realize an isomorphism between (3.1) and 
(3.2). This illustrates how we identify packings. 
@ 8 
Fig. 1. Fig. 2. 
The diagrams described above are subinvariants, i.e. invariants which make 
sense for designs with equal values of other (basic) invariants, in this case of the 
invariant ERB. One often needs to use subinvariants which are collections of 
similar diagrams. 
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Fig. 3. 
Note that similar invariants were used for distinguishing and identification of 
1-factorizations [8,9]. 
We give an example of finding automorphism groups (which, incidentally, were 
used with success to identify completions of packings) with the help of such 
diagrams. To the packing 6-5 (see the list below) corresponds the value 
ERB= 0 0 1 4 0 0 2 
m: 
One of possible subinvariants for this packing has the value given in Fig. 3. Only 
two permutations, the identity and (lB)(2A)(37)(59) map this collection of 
diagrams into itself. It is verified directly that they constitute the automorphism 
group of the packing 6-5. 
4. Results on the enumeration of (1,3,5,11)-packings 
A computer program implementation of the method presented in Section 2 
enabled us to carry out a complete enumeration of the (1,3,5,11)-packings. The 
results are presented below. 
The list PI (1,3,5,11) 
l-l. 12345 
The list 4 (1,3,5,11) 
2-l. 12345 6789A 
2-2. 12345 16789 
2-3. 12345 12678 
The list p3 (1,3,5, 11) 
3-l. 12345 16789 1267B 
3-2. 12345 16789 126AB 
3-3. 12345 16789 2367A 
3-4. 12345 16789 236AB 
3-5. 12345 12678 1369A 
3-6. 12345 12678 34679 
3-7. 12345 12678 129AB 
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4-l. 12345 6789A 
4-2. 12345 6789A 
4-3. 12345 16789 
4-4. 12345 12678 
4-5. 12345 16789 
4-6. 12345 16789 
4-7. 12345 16789 
4-8. 12345 16789 
4-9. 12345 16789 
4-10. 12345 16789 
4-11. 12345 16789 
4-12. 12345 16789 
4-13. 12345 16789 
4-14. 12345 12678 
4-15. 12345 12678 
5-l. 12345 16789 
5-2. 12345 16789 
5-3. 12345 16789 
5-4. 12345 6789A 
5-5. 12345 16789 
5-6. 12345 16789 
5-7. 12345 16789 
5-8. 12345 16789 
5-9. 12345 16789 
5-10. 12345 16789 
5-11. 12345 16789 
5-12. 12345 16789 
5-13. 12345 16789 
5-14. 12345 16789 
5-15. 12345 16789 
5-16. 12345 16789 
5-17. 12345 16789 
5-18. 12345 16789 
5-19. 12345 16789 
5-20. 12345 16789 
5-21. 12345 16789 
5-22. 12345 16789 
S-23. 12345 6789A 
5-24. 12345 12678 
5-25. 12345 12678 
5-26. 12345 12678 
The list p, (1,3,5,11) 
1267B 3489B 
1267B 3468B 
126AB 378AB 
1369A 3467B 
2367A 468AB 
2367A 4568A 
2367A 4567B 
2367A 2468B 
126AB 3467A 
2367A 489AB 
236AB 457AB 
126AB 3478A 
2367A 4589A 
34679 1569A 
1369A 1479B 
The list pS (1,3,5,11) 
126AB 347AB 589AB 
126AB 347AB 2589A 
2367A 248AB 569AB 
1267B 3489B 356AB 
236AB 457AB 2489A 
236719 2489A 4567B 
2367A 4567B 4589A 
126AB 3478A 3569A 
2367A 2489A 4568B 
2367A 4589A 146AB 
2367A 2468B 4589A 
2367A 248AB 4567B 
2367A 248AB 2569B 
126AB 347AB 2389A 
2367A 2489A 568AB 
126AB 347AB 3568A 
126AB 347AB 2578A 
2367A 2468B 156AB 
2367A 2489A 2568B 
2367A 2468B 4578A 
2367A 2489A 146AB 
2367A 2468B 147AB 
1267B 1389B 4568B 
1369A 1479B 158AB 
34679 136AB 4568A 
34679 136AB 247AB 
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5-27. 12345 12678 34679 138944 4568A 
5-27. 12345 12678 34679 1389A 456814 
5-28. 12345 16789 126AB 3478A 3579B 
5-29. 12345 16789 126AB 347AB 3589A 
6-l. 12345 16789 
6-2. 12345 16789 
6-3. 12345 16789 
6-4. 12345 16789 
6-5. 12345 16789 
6-6. 12345 16789 
6-7. 12345 16789 
6-8. 12345 16789 
6-9. 12345 16789 
6-10. 12345 16789 
6-11. 12345 16789 
6-12. 12345 16789 
6-13. 12345 16789 
6-14. 12345 16789 
6-15. 12345 16789 
6-16. 12345 16789 
6-17. 12345 16789 
6-18. 12345 16789 
6-19. 12345 16789 
6-20. 12345 16789 
6-21. 12345 16789 
6-22. 12345 6789A 
6-23. 12345 12678 
6-24. 12345 12678 
6-25. 12345 12678 
6-26. 12345 12678 
6-27. 12345 16789 
6-28. 12345 16789 
6-29. 12345 16789 
6-30. 12345 16789 
6-31. 12345 16789 
6-32. 12345 16789 
7-l. 12345 16789 126AB 3478A 2379B 2589A 4567B 
7-2. 12345 16789 126AB 2378A 2479B 4569A 3589B 
7-3. 12345 16789 2367A 2468B 4589A 3579B 156AB 
7-4. 12345 16789 2367A 2468B 147AB 3569B 2589A 
7-5. 12345 16789 126AB 3478A 2379B 3568B 459AB 
7-6. 12345 16789 2367A 2489A 2568B 146AB 4579B 
The list & (1,3,5,11) 
2367A 148AB 259AB 4567B 
2367A 2489A 3468B 159AB 
126AB 3478A 2579B 3568B 
126AB 2378A 3479B 458AB 
126AB 2378A 479AB 3568B 
236744 2489A 568AB 3479B 
2367A 248AB 4567B 359AB 
126AB 2378A 2479B 4569A 
126AB 3478A 2379B 3568B 
2367A 4589B 3578B 2468B 
2367A 2468B 147AB 3569B 
126AB 3478A 2379B 2589A 
236714 248944 2568B 457AB 
2367A 2468B 578AB 129AB 
2367A 2468B 147AB 569AB 
2367A 2489A 138AB 456AB 
126AB 347AB 2578A 3568B 
2367A 2468B 578AB 3489B 
2367A 2489A 2568B 146AB 
2367A 248914 3468B 2578B 
2367A 2489A 138AB 3469B 
1267B 1389B 346AB 4579B 
34679 1389A 236AB 3578B 
34679 1389A 236AB 1569B 
34679 1389A 236AB 4568A 
34679 1389A 4568B 2579A 
126AB 2378A 4567B 3489B 
2367A 2468B 4589A 157AB 
2367A 2468B 4589A 3579A 
126AB 3478A 2579A 3469B 
2367A 2489A 4567B 3589B 
2367A 4567B 4589A 2389B 
The list p7 (1,3,5, 11) 
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7-7. 12345 16789 2367A 2489A 138AB 3469B 2578B 
7-8. 12345 16789 2367A 2468A 578AB 129AB 4569A 
7-9. 12345 16789 2367A 2469A 2568B 457AB 3469B 
7-10. 12345 16789 2367A 2468B 147AB 569AB 3578B 
7-11. 12345 16789 2367A 2489A 2568B 146AB 3478B 
7-12. 12345 6789A 1267B 1389B 346AB 4579B 258AB 
7-13. 12345 12678 34679 1389A 236AB 4568A 2579A 
7-14. 12345 12678 34679 1389A 236AB 4568A 1569B 
7-15. 12345 12678 34679 1389A 236AB 4568A 147AB 
The list 4 (1,3,5, 11) 
8-l. 12345 16789 2367A 2468B 578AB 129AB 4569A 3479B 
8-2. 12345 12678 34679 1389A 236AB 4568A 147AB 1569B 
8-3. 12345 12678 34679 1389A 236AB 4568A 3579A 3578B 
The list p, (1,3,5,11) 
9-l. 12345 12678 34679 1389A 236AB 4568A 147AB 1569B 2489B 
The list PI, (1,3,5, 11) 
10-l. (9-l) + 3578B 
The list pII (1,3,5, 11) 
11-l. (9-l) + 3578B 2579A 
The last packing is maximal, hence D(1,. 3, 5, 11) = 11. From the lists given 
above one can obtain the values D(1, 3, 5, V) for v < 11. These values are given 
in the following table. 
< 
Consider the case k = 6. The list pr(l, 3, 6, 11) consists of a unique packing 
123456, the list pz(l, 3, 6, 11) consists of two packings 
2-l. 123456 1789AB 
2-2. 123456 12789A, 
hence Nr(1, 3, 6, 11) = 1, N,(l, 3, 6, 11) = 2. The packings from &(l, 3, 6, 11) are 
both maximal therefore p,(l, 3, 6, 11) = 0 for t 2 3. Thus D(1, 3, 6, 11) = 2. 
An obvious reasoning yields D(1, 3, k, 11) = 1 for 6 <k < 11. 
5. Enumeration of minimal exact (1,3,11)-coverings 
An interesting application of the above results is associated with the question 
about the minimal number g(1, 3, 11) of blocks in an exact (1,3,11)-covering [6]. 
Just as was done in [6] for the case ‘u = 12, one can show (see [lo], Theorem 7.2) 
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that if g(1, 3, 11) < 46 then a minimal (1,3, 11)-covering contains only quintuples, 
quadruples and triples. 
Denote by F the set of 5-blocks (F-component) of a covering, by Q the set of 
4-blocks (Q-component), and by T the set of triples (T-component). Then, up to 
an isomorphism, it is either one of the (1,3,5, 11)-packings in Section 4, or the 
empty set of blocks, that can be the F-component. 
Taking for the F-component one of these packings, F, examine all possible 
Q-components with a maximum number of blocks of an exact (1,3,11)-covering. 
Define an equivalence - in the set of such Q-components by: Q - Q1 if and only 
if there exists cr E Aut(F) such that Q, = Qr. 
Construct a list q(F) of representatives of equivalence classes under - . Every 
Q E q(F) uniquely determines the T-component. Call the exact (1,3, ll)- 
coverings so obtained F-minimal. Construct, for every F from Section 4, a list of 
all F-minimal (1,3, 11)-coverings. Evidently, the union of these lists contains all 
minimal (1,3, 11)-coverings with maximum block size k = 5. 
After completing the described procedure, we obtain a complete list of minimal 
exact (1,3,11)-coverings, and, consequently, we may determine g(1, 3, 11). 
The author has written a program that implements the above algorithm. The 
work is at present incomplete. We state below the results obtained up to the time 
this paper was written. 
For the F-compbnent 11-l the maximal Q-component is empty. Consequently, 
there exists a unique exact (1,3, ll)-covering with this F-component. Its size is 
66. 
For the F-component 10-l there exists, up to an isomorphism, a unique 
F-maximal Q-component which consists of the unique block 2579. Hence for 10-l 
there exists a unique F-minimal covering of size 72. 
For the F-component 9-l there exists a unique maximal Q-component 
257B 259A 357A 358B 5789, 
and the size of the corresponding F-minimal covering is 69. 
For the F-component 8-l the unique maximal Q-component consists of seven 
blocks 
138B 147A 156B 2389 2579 348A 3568, 
and the unique F-minimal (1,3, 11)-covering consists of 72 blocks. For 8-2 two 
maximal Q-components exist: 
2389 257A 258B 279B 348B 357B 5789, 
2489 258B 259A 279B 348B 357A 5789. 
The corresponding nonisomorphic coverings have 72 blocks each. Finally, for 8-3 
there exist two maximal Q-components, 
129B 146B 147A 1569 15AB 247B 2489 459B 689B 
and 
129B 146B 147A 1569 15AB 247B 2489 49AB 689B, 
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F Aut IQ1 Nq 141 WI spg 
7-1 3 10 1 1 72 3’ 
7-2 2 12 2 2 66 22 
7-3 12 17 1 1 51 12’ 
7-4 2 11 1 1 69 2l 
7-5 1 11 1 1 69 1’ 
7-6 1 11 16 16 69 116 
7-7 2 12 34 17 66 1” 
7-a 1 12 1 1 66 1’ 
7-9 1 12 3 3 66 13 
7-10 2 11 9 5 66 1-Y 
7-11 1 12 33 33 66 133 
7-12 20 15 1 1 57 20’ 
7-13 12 16 1 1 54 12’ 
7-14 4 12 16 6 66 1224 
7-15 6 11 588 100 69 lw21 
and the corresponding two F-minimal (1,3,11)-coverings have size 65. 
The results for the F-components having 7 blocks are presented in Table 1. 
Column F contains the numbers of the F-components, column Aut the order of 
the automorphism group of F, column IQ] the size of the maximal Q-component, 
Nq the number of distinct maximal Q-components, 141 the cardinality of q(F), 
1171 the size of F-minimal (1,3,11)-covering, and Spg contains a specification of 
the set of F-minimal coverings by automorphism group orders. 
Most of the above results are contained in [ll]. 
Table 2 (next page) contains similar information about F-maximal Q- 
components of (1,3,11)-coverings with I FI = 6. The additional column b 
contains, for every F, the cardinality of the set of those 4-blocks which have at 
most two common elements with every block of F. 
The enumeration of minimal (1,3,11)-coverings for I FI c 5 is being continued. 
6. List of coverings of size 51 
The smallest known size (see [lo]) of an exact (1,3, 11)-covering with block 
cardinality k s 5 is 51. There exist exactly 11 nonisomorphic coverings with 
JFI > 5. They are as follows: 
1. 7-3 + 127B 128A 138B 139A 147A 149B 2389 2479 2569 
2578 29AB 3469 3478 34AB 3568 4567 78AB 
2. 6-22 + 158A 137A 1468 149A 1569 1578 15AB 2368 2379 2469 
247A 248B 256A 2589 29AB 3478 3467 359A 458A 568B 
3. 6-29 + 127B 128A 136B 139A 146A 157A 158B 2389 2479 2569 2578 
25AB 3469 3478 34AB 3568 4567 69AB 78AB 149B Aut = 48 
4. 6-29 + (first fifteen 4-blocks from covering 3.) + 3568 38AB 4567 
47AB 69AB Aut=8 
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Table 2 
F b Aut IQ1 Nq I41 1271 SPg 
6-1 44 
6-2 42 
6-3 42 
6-4 43 
6-5 42 
6-6 40 
6-7 42 
6-8 49 
6-9 48 
6-10 47 
6-11 49 
6-12 49 
6-13 48 
6-14 48 
6-15 48 
6-16 49 
6-17 50 
6-18 47 
6-19 55 
6-20 54 
6-21 56 
6-22 56 
6-23 60 
6-24 61 
6-25 62 
6-26 65 
6-27 43 
6-28 42 
6-29 40 
6-30 45 
6-31 46 
6-32 48 
1 15 106 106 66 1’06 
1 15 5 5 66 l5 
1 15 11 11 66 1” 
1 15 25 25 66 lZ5 
2 16 5 3 63 12’ 
4 15 2 1 66 1’ 
24 18 2 1 57 12l 
1 18 12 12 57 1’2 
1 14 207 207 69 1207 
4 15 576 172 66 1”Y!56 
1 16 22 22 63 1” 
1 16 3 3 63 l3 
1 15 30 30 66 130 
2 16 5 3 63 l3 
1 16 13 13 63 1” 
1 15 72 72 66 1” 
1 17 4 4 60 l4 
2 15 87 47 66 1462’ 
1 16 24 24 63 lZ4 
2 16 24 23 63 123 
1 16 60 60 63 lm 
4 20 1 1 51 1’ 
1 16 5 1 63 1’ 
12 15 51 7 66 12244’ 
2 18 66 3 57 l3 
60 17 395 7 60 1532 
3 15 94 35 66 13233 
4 16 138 45 63 1252’s4* 
48 20 10 3 51 8’16’48’ 
3 16 12 4 63 l4 
16 16 120 98 63 1s823248 
384 20 128 6 51 B24B4 
5. 6-29 + (first twelve 4-blocks from covering 3.) + 29AB 3469 3478 
3568 38AB 4567 47AB 56AB Aut = 16 
6. 6-32 + 126B 128A 137B 139A 146A 148B 157A 159B 2468 2479 24AB 
2569 2578 3469 3478 3468 3579 35AB 68AB 79AB Aut = 48 
7. 6-32 + (first 19 quadruples from the previous covering) + 78AB 
Aut=8 
8. 6-32 + (first 10 quadruples from covering 6.) + 2569 2578 25AB 
3469 3478 3568 69AB 78AB Aut = 48 
9. 6-32 + (first 13 quadruples from covering 6.) + 3468 3478 3569 
3578 35AB 68AB 79AB Aut = 48 
10. 6-32 + (first 8 quadruples from covering 6.) + 2469 2478 24AB 
2568 2579 3479 3569 3578 35AB 69AB 78AB Aut = 8 
11. 6-32 + (first 10 quadruples from the previous design) + 2568 2579 
25AB 3468 3479 34AB 3569 3578 69AB 78AB Aut = 48 
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7. Bounds for possible values of g(l,3,11) 
Let II be a minimal exact (1,3, 11)-covering with maximal block cardinality 
k = 5, III1 = g. We are taking into account the fact that g < 46 is possibly only for 
coverings with blocks whose cardinalities do not exceed five. Denote by f, q, and 
t, respectively, the cardinalities of F-, Q-, and T-components of this covering. 
Then we have [6] 
I 
f+ q+t=g 
1Of + 4q + t = 165, 
whence 
9f+3q=165-g, orq=(165-g-9f)/3. 
It is not difficult to show [6] that g E (30, 33, 36, 39, 42, 45, 46). Taking into 
account the obvious inequality q s g -f we get (165 -g - 9f)/3 s g -f whence 
f 2 (165 - 4g)/6. Assuming g = 30 gives f 2 8. But it was shown earlier that for 
f > 8 there exist no exact coverings with 30 blocks. Therefore g(1, 3, 11) # 30. 
Assuming now g = 33, we get similarly that f 3 6. But Table 2 excludes the 
existence of such a covering, thus g(1, 3, 11) # 33. 
Theorem. g(1, 3, 11) E {36,39, 42, 45, 46). 
Note that in [4] a stronger inclusion g(1, 3, 11) E (45, 46) is proved. 
8. Some properties of iV,(1,1, k, v) 
Let us note some general properties of the numbers N,(& 1, k, II). Clearly for 
k < v we have N,(l, 1, k, v) = 1. Also, it is not difficult to establish directly that 
N,(l,&k,v)= 
1 
0 for v<2k-l+l 
i+l forv=2k-I+i+l, O~i<l-1, (8-l) 
1 for v > 2k. 
Null-property: 
N,(A, 1, k, v) = 0 for u < v,,(t, A, 1, k) and t > 1. 
It follows from (8.1) that ~~(2, 1, I, k) = 2k - 1 + 1. It is not difficult to see that 
~“(3, 1, I, k) = 3(k - 1+ 1) + 1- 1. 
Monotonicity : 
NV_, 1, k v) WA, 1, k, u + 11, (8.2) 
and the inequality is strict for 21 < tk if at least one of its sides is not equal to zero. 
250 A.J. Petrenjuk 
Stabilization by v: 
N,(l, I, k, w) = const = iV,(l, I, k, th) 
for all w 2 tk. 
Stabilization by k: 
(8.3) 
For fixed t and 1, under the conditions k > k,, = (t - 1)(1- 1) and v 2 t(k + l), 
the following equality holds: 
N,(l, I, k, v) =ZV,(l, I, k + 1, v). (g-4) 
9. Another approach to the packing problem 
Let % = {Bi, . . . , B,} be a (1, I, k, v)-packing. Denote by EJ the set of 
elements which are contained only in the blocks numbered by indices from J, 
J E Z(t). Clearly, E,‘s are just the same as components of inseparability in Section 
2. Put n, = jE,l. It follows from the definition of packing that 
k for every m E Z(t); (9.1) 
C n,<l for all i,jEZ(t), i#j; 
Jei,j 
7 n, = v. 
(9.2) 
(9.3) 
Conversely, given a collection {nJ: J G Z(t)} which satisfies (9.1)-(9.3), it is not 
difficult to obtain the corresponding packing. Thus the conditions (9.1)-(9.3) are 
necessary and sufficient for the existence of a packing corresponding to the 
collection of numbers {n,}. 
Packings corresponding to the same collection {nJ} are clearly isomorphic. But 
it is possible for different collections to yield isomorphic packings. In order for 
{nJ} to be a complete invariant for packings, it is necessary to have, in addition to 
(9.1)-(9.3), conditions for selecting from among all collections yielding the same 
packing one (canonical) collection {nJ}. 
Consider the case t = 3. In this case conditions (9.1)-(9.3) become 
‘nlfnlz+n13+nlz~=k 
n2 + 42 + n23 + h23 = k 
n3 + n13 + 1123 + %23 = k 
42 + 423 < 1 
43 + 423 < 1 
n23 + %23 < 1 
LnO+nl+n2+n3+n12+n13+nzs+n123=v. 
(9.4) 
Constructive numeration of packings and coverings of index 1 251 
fi3 
Fig. 4. 
The structure of a packing with t = 3 is schematically drawn in Fig. 4. 
To reach our goal it suffices to require that the preference conditions given in 
Fig. 5 be satisfied. Here + means that the collection n, is being made canonical, 
i.e. included in the list, and - means that it is being rejected. 
Table 3 contains author’s program in Fortran- which implements, for given 1, 
k and V. the construction of all collections 
no, n1> n2, n3, n12, n13, n23, 423 
that satisfy conditions (9.1)-(9.3), and the selection from them of canonical ones. 
Table 4 contains an example of the final output of the program: for given 1, k 
and v it outputs the value of /V3(1, 1, k, v) and the list of vectors 
(n 123, 1212, n13, n23) which determine all nonisomorphic packings. 
Table 5 contains several values of N,(l, 1, k, v) obtained by means of this 
program. This table may be considerably expanded. 
In the case t = 4 it is not difficult to implement a generation of collections {n,} 
and a “sieve” through conditions (9.1)-(9.3). More complicated but quite 
feasible task is to form a preference scheme. 
Note that for arbitrary t there are exactly 2’n,‘s, thus the size of the system 
(9.1)-(9.3) grows fast. This complicates the practical implementation of the 
method, described in Section 9, for the large values of t. 
n,v n3 ? LIP 
> 
< 
1 kl 
&I > + =- 
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Table 3. Program for computing N,(l, I, k, u). 
C FIND VALUE NS(1,L.K.V) 
117 
1 
118 
111 
2 
121 
115 
10 
125 
11 
119 
120 
DIMENSIOti MT (500,4) 
READ 1, NV, NK, NL 
FORMAT (313) 
IF (NV) 119,119,118 
NS=O 
M=O 
IF (NV-3*NK+3*(NL- 1))115,111,111 
D02I=l,NL 
D02J=I,NL 
DO2K=J,NL 
11=1-l 
Jl=J-1 
Kl=K+l 
IF (I1 + Jl + NS - NK)3,3,2 
IF (I1 + Kl + NS - NK)4,4,2 
IF (Jl + Kl + NS - NK)5,5,2 
IF (11 - NL + NS + 1)6,6,2 
IF (Jl - NL + NS + 1)7,7,2 
IF(Kl_NL+NS+1)8,8,2 
IF(Il+Jl+Kl-3*NK+2*NS+NV)2,9,9 
IF (I1 + Jl + Kl + NS - NV)19,19,2 
M=M+l 
MT(M, 1) = NS 
MT(M, 2) = 11 
MT(M, 3) = Jl 
MT(M, 4) = Kl 
CONTINUE 
IF (NS - NL+ 1)121,115,115 
NS=NS+l 
GO TO 111 
PRINT 10, NL, NK, NV, M 
FORMAT (5X,‘N3(1,‘,13,‘,‘,13,‘,‘,13,‘) = ‘,13) 
IF (M) 117,117,125 
CONTINUE 
PRINT11,((MT(I,J),J=1,4),I=l,M) 
FORMAT (3X, 413,2X, 413,2X, 413,2X, 413) 
GO TO 117 
PRINT 120 
FORMAT (3X, ‘WORK IS FINISHED’) 
STOP 
END 
Table 4. Final output of the program N3LKV. 
N3(1,3,4,13) = 15 
0 0 0 0 0001 0 0 0 2 0011 
0 0 1 2 0 0 2 2 0 1 1 1 0 1 1 2 
0 1 2 2 0 2 2 2 1 0 0 0 1 0 0 1 
1 0 1 1 1 1 1 1 2 0 0 0 
Table 5. Some values of N,(l, 1, k, u). 
1 k u N3 1 k v N3 1 k v N3 I k v N, 
2 3 s5 0 
6 1 
I 3 
8 4 
a9 5 
2 4 S8 0 
9 1 
10 3 
11 4 
212 5 
2 5 Sll 0 
12 1 
13 3 
14 4 
215 5 
2 6 ~14 0 
15 1 
16 3 
17 4 
18 5 
2 I 217 0 
S18 1 
19 3 
20 4 
221 5 
2 8 220 0 
s21 1 
22 3 
23 4 
224 5 
34 50 
6 1 
7 3 
8 7 
9 10 
10 13 
3 4 11 14 45 84 
212 15 9 10 
3 5 ~8 0 10 16 
9 1 11 22 
10 3 12 26 
11 7 13 29 
12 10 14 30 
13 13 a15 31 
14 14 4 6 ~8 0 
315 15 9 1 
3 6 ~11 0 10 3 
12 1 11 7 
13 3 12 14 
14 7 13 20 
15 10 14 26 
16 13 15 30 
17 14 16 33 
218 15 17 34 
3 7 s14 0 a18 35 
15 1 4 7 Sll 0 
16 3 12 1 
17 7 13 3 
18 10 14 7 
19 13 15 14 
20 14 16 20 
a21 15 17 26 
3 8 Cl7 0 18 30 
18 1 19 33 
19 3 20 34 
20 7 221 35 
21 10 4 8 =s14 0 
22 13 15 1 
23 14 16 3 
224 15 17 7 
45 60 18 14 
7 1 19 20 
5 8 18 46 6 7 18 88 6 8 23 109 
19 54 19 91 324 110 
20 61 20 92 78 9 0 
21 65 221 93 10 1 
22 68 6 8 cl0 0 11 5 
23 69 11 1 12 15 
324 70 12 5 13 29 
67 80 13 13 14 48 
9 1 14 26 15 68 
10 5 15 41 16 89 
11 14 16 58 17 105 
12 26 17 72 18 119 
13 41 18 85 19 128 
14 55 19 94 20 135 
15 68 20 101 21 139 
16 77 21 105 22 142 
17 84 22 108 23 143 
4 8 20 26 
21 30 
22 33 
23 34 
~24 35 
56 70 
8 1 
9 5 
10 13 
11 22 
12 33 
13 41 
14 48 
15 52 
16 55 
17 56 
218 57 
5 7 s9 0 
10 1 
11 4 
12 10 
13 20 
14 30 
15 41 
16 49 
17 56 
18 60 
19 63 
20 64 
221 65 
5 8 ~11 0 
12 1 
13 3 
14 7 
15 14 
16 25 
17 35 
7 8 224 144 
411~23 0 
24 1 
25 3 
26 7 
27 14 
28 20 
29 26 
30 30 
31 33 
32 34 
333 35 
315 40 3 
3 15 41 7 
4 15 40 20 
6 10 25 110 
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10. Conclusion 
We conclude with two particular problems: 
1. What is the number N,(A, I, k, v) of maximal (A, I, k, v)-packings containing 
exactly t blocks? 
2. What is the minimal size T(A, 1, k, v) of a minimal (A, 1, k, v)-packing? 
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